It is shown that black hole spacetimes in classical Einstein gravity are characterized by, in addition to their ADM mass M , momentum P , angular momentum J and 
Introduction
Over the last few years it has been found [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] that empty space is a richer place than was previously believed. 1 Even the classical Minkowskian vacuum, far from being a unique, featureless configuration, is infinitely degenerate in all electromagnetic, Yang-Mills and gravitational theories. Information about the vacuum configuration is holographically stored at the asymptotic boundary of spacetime. Different vacua are related by infinite-dimensional asymptotic symmetries which, in the quantum theory, can be infinitesimally described as creating or annihilating soft (i.e. zero-energy) particles such as photons or gravitons. 1 Prescient early work appears in [15, 16] .
The infinity of associated conserved charges constrain every scattering process in asymptotically Minkowskian spacetimes, including those in which black holes are formed and then evaporate. For each and every conserved charge, the charge on the black hole must be reduced (increased) by exactly the amount carried by any emitted (absorbed) particles [17] [18] [19] [20] .
Charge conservation is possible only if black holes themselves carry an infinite number of charges or, equivalently, have an infinite head of 'soft hair' [19] . This does not violate the classical no-hair theorems [21] because the distinct black holes are related by diffeomorphisms, albeit 'large' ones which comprise the asymptotic symmetry group and act nontrivially on the classical phase space. Soft hair has implications for the information paradox [22] , since charge conservation enforces quantum correlations between the outgoing Hawking quanta and the soft hair configuration.
In this paper we undertake a study the properties of the charges arising from infinitedimensional gravitational symmetries in a weak-coupling expansion. The fundamental definitions of these conserved charges will be given below in terms of simple boundary integrals near spatial infinity. As usual, integration by parts and the constraint equations can be used to express these charges as three-dimensional 'bulk' integrals and thereby associate distinct contributions to the charge from distinct regions of spacetime such as a black hole.
However, even for the simplest of the conserved charges -the ADM energy -this procedure is in the general case fraught with difficulties associated to the choices of slice and gauge. Quantum fluctuations of the spacetime geometry further diminish the utility of such constructions. Nevertheless, in the context of weak coupling, a perturbative analysis of charge conservation in the bulk can be informative. For example it is possible to show, to first order in the gravitational coupling, that the mass of a black hole always increases by the energy flux of radiation across its horizon. A similar picture should exist for all of the conserved charges. For the infinity of electromagnetic charges, such a picture was obtained in [19] . In this paper, while also supplying the reader with some pedagogical background,
we continue the program of [19] and perturbatively analyze in some detail the infinity of so-called supertranslation and superrotation symmetries. Supertranslation (superrotation) charge conservation equates the total incoming energy at each angle to the total outgoing energy (angular momentum) at the opposing angle [2, 23] .
After spelling out our notation in section 2.1, in section 2.2 we reiterate the simple origin of the infinity of conserved charges. We show that the very existence of a well-posed scattering problem in asymptotically Minkowskian general relativity requires a boundary condition which matches certain metric components at the top of I − (past null infinity) to those at the bottom of I + (future null infinity). This immediately implies an infinite number of conserved charges, simply from the equality of all the past and future multipole moments of the matched metric data. Explicit expressions are given for the supertranslation charges arising from the matching of the Bondi mass aspect, as well as the superrotation charges arising from the matching of the angular momentum aspect. The relationship to previous work on asymptotic behavior and the peeling theorem is briefly discussed in section 2.3. Section 3.1 reviews the derivation of supertranslation symmetry as the action via Dirac brackets of the supertranslation charges on the physical phase space. Section 3.2 reviews the current status of efforts to similarly associate a symmetry superrotation charge conservation. In section 4
we use the Bondi gauge to continue supertranslations from the boundary into the bulk of the Schwarzschild geometry. The Bondi-gauge metric of an infinitesimally supertranslated Schwarzschild black hole, i.e. a black hole with supertranslation hair, is derived. In section 5 we show, via an explicit Vaidya-type solution, how a black hole can be physically supertranslated by throwing in an asymmetric null shock wave. Supertranslated black holes do not carry supertranslation charge because the group is abelian. However in section 6 we find they can and do carry superrotation charges and an explicit expression is given. This provides a classical diagnostic of supertranslation hair (see also [24, 25] During the course of this work strongly overlapping results were independently obtained in [24, 25] . Related work has also appeared in . We expect our horizon analysis is closely related to much earlier work [72] [73] [74] [75] employing different gauges and formalisms. Soft hair appears to be an alternate description of the phenomenon of edge modes as discussed in [76] [77] [78] [79] [80] . A precise characterization of the relation of these edge modes and soft hair would be of great interest.
We set Newton's constant G = 1 throughout.
Supertranslation and superrotation charge conservation
In this section we review a few salient facts about asymptotically flat spacetimes in classical general relativity (GR) and the newly-discovered infinite number of conserved supertranslation [2] and superrotation [7, 23, 81] charges. Moreover, we show that the existence of this infinite number of conserved charges in GR follows simply from the requirement of a well-posed scattering problem.
Asymptotic expansion
Near future null infinity (I + ) we use retarded coordinates (u, r, Θ A ) and the Bondi gauge, in which
Surfaces of constant retarded time u = t − r are null. I + is the surface r → ∞. Θ A are coordinates on the two-sphere and g(Θ) is a fixed function on the sphere. An asymptotically flat metric has a large r-expansion
where indices are raised and lowered using the metric on the unit sphere, γ AB . The traceless tensor C AB , the Bondi mass aspect m, and the angular momentum aspect N A all depend on the I + coordinates (u, Θ A ) but not r. Our definition of N A 3 differs from the conventional 2 See [82] and [83] for recent reviews. We omit here interesting logarithmic terms [84, 85] of potential relevance in the present context.
3 Our angular momentum aspect N A can be related to that defined by Barnich and Troessaert [82] , N BT A by the following
ones in two ways. Firstly, by a shift of u∂ A m which has the advantage that, as can be seen from the constraint equations below, is typically finite for u → ±∞. Secondly, there is a shift of N A by quadratic terms in C AB to obtain a simple relation to the Riemann tensor
3)
The Bondi news
characterizes the gravitational radiation passing through I + .
The Cauchy data on I + for the full spacetime metric includes 4 C AB , m and N A which are subject to the constraint equations
Here T M ab is the matter stress tensor while T ab incorporates corrections from the stress tensor for linearized gravity waves. is determined from 4 Determining if or when these (or the I − counterparts) comprise a complete set of Cauchy data is an outstanding problem in mathematical relativity which we do not address here. Among other issues are the possibilities of logarithms and further integration functions appearing at higher order in the 1 r expansion. See for example [84, 85] .
Given the news tensor and this initial data at I + − , the constraints may be integrated to give the mass and angular momentum aspects m and N A everywhere on I + . Hence the Cauchy data includes and ADM angular momentum.
That is, there is an infinite family of inequivalent vacua in GR.
A similar set of equations apply near I − , where we employ advanced Bondi coordinates (v, r, Θ A ) in which the metric has the asymptotic expansion
The '+' signifies the action is on I + rather than I − .
In flat Minkowski space advanced and retarded Bondi coordinates are related by
where P Θ A is the antipode of Θ A on the sphere. 6 The analog of the Cauchy data (2.8) for
The scattering problem
The scattering problem in classical general relativity is, roughly speaking, to find the map GR is not defined. In [2] , it was proposed that the BMS+ frame should be determined by the Lorentz and CPT invariant matching conditions 12) and in [23] the matching condition for the angular momentum aspect
was proposed. This breaks the combined BMS+⊗BMS− action on I + and I − down to the diagonal subgroup which preserves these conditions. Noting our convention (2.10) relating
, we see that (2.12) and (2.13) antipodally equate past and future fields near spatial infinity. At first sight, this antipodal relation appears rather bizarre. However, we expect that it is the only Lorentz and CPT invariant choice and is implicit in most or all GR computations in asymptotically flat spacetimes. In [3] the matching condition (2.12) was in fact proven to be implicit to all orders in standard weak field perturbation theory by demonstrating its equivalence to Weinberg's soft graviton theorem [88] . In [81, 89, 90] a new 6 For standard angular coordinates Θ A ∼ (θ, φ), P Θ A ∼ (π − θ, φ + π). This coordinate convention is chosen to simplify the past-future matching conditions below. 7 Of course if a black hole is formed we need Cauchy data on I + ∪H + , where H + is the future horizon, but this section is mainly concerned with the weak-field problem for which black holes are absent.
subleading soft graviton theorem was proven to all orders using Feynman tree diagrams 8 , and then shown to imply (2.13) [7, 23] . Motivated by this perturbative analysis, we propose that (2.12),(2.13) are part of the definition of the scattering problem whenever the fields are sufficiently weak near spatial infinity, even if the interior contains a black hole.
The matching conditions (2.12) and (2.13) immediately imply that an infinite number of charges are conserved in GR scattering. Two families of charges are defined at I + − and I − + by:
where f (Θ) is any function on S 2 . Integrating by parts and using the constraint (2.5), these can be written as integrals over I + or I − respectively:
(2.12) implies:
The case f = 1 is just the total energy conservation while the ℓ
gives the well known ADM momentum conservation. The general case (2.16) provides an infinite number of new generalizations of these four laws referred to as supertranslation charge conservation [2] . Choosing f to be a delta function, the generalized conservation law equates the net incoming energy flux at each angle (including linear gravitational terms)
to the net outgoing energy flux at the opposing angle. The relation of these charges to supertranslation symmetry will be discussed in the next section.
A second infinity of conserved charges can similarly be constructed from an arbitrary vector field Y A on the sphere. Using (2.13) one finds
This expresses conservation of superrotation charge. The special cases for which Y A is one of 8 Although this paper largely concerns classical GR, we note that (2.13) is possibly deformed by an anomaly at one loop [91] [92] [93] [94] [95] [96] . Since some matching relation of the form (2.13) must exist in order for gravitational scattering to be defined, this suggests that these one loop corrections deform rather than eliminate the conserved charges. This is an important open problem. Some recent progress has appeared in [97, 98] . 9 In the presence of massive matter or black holes there are extra contibutions at I the 6 global conformal Killing vectors on S 2 are conservation of ADM angular momentum and boost charge, sometimes referred to as the BORT (Beig-O'Murchada-Regge-Teitelboim) [99] center-of-mass. Choosing the vector field to be a delta-function, these new conservation laws equate net in and out angular momentum flux for every angle.
The supertranslation and superrotation charges are absolutely conserved in the sense that each gives a number constructed according to (2.15) from incoming classical data on I − that must equal a number constructed from outgoing data on I + . This same number can also be constructed from data on any spacelike slice that ends on I + − or I − + . This is qualitatively different from e.g. the oft-discussed Bondi mass as a function of retarded time which is not conserved but rather obeys a conservation law relating its time dependence to energy flux through I + .
The existence of these conserved charges is in principle experimentally verifiable. Indeed, proposed tests of the gravitational memory effect, although not initially recognized as such, are tests of supertranslation charge conservation [17] . Superrotation charge conservation may in principle be tested via the gravitational spin memory effect [18] .
In conclusion, the very existence of a well-posed scattering problem from I − to I + in GR necessitates the existence, for any matching condition, of an infinite number of conserved supertranslation and superrotation charges. With our matching conditions (2.12), (2.13) the explicit expressions for these charges are in (2.14), (2.17).
Discussion
It may seem peculiar that this infinity of exactly conserved charges, which generalize ADM energy and angular momentum, has gone unnoticed in the more than half a century since the notion of an asymptotically flat spacetime was introduced in [100] . Part of the reason for this is that many early studies concentrated on special spacetimes in which the peeling theorem [101] applies and Penrose's conformal compactification [102] can be utilized. In fact the peeling theorem does not apply in generic physical settings, see e.g. [103, 104] . A simple example which violates peeling is a pair of massive bodies coming in from infinity with asymptotically constant velocities and no incoming radiation. In this type of situation, however, peeling can typically be restored by adding incoming radiation in just such a finetuned way that the solution is exactly Schwarzschild outside some arbitrarily large but finite radius [105] [106] [107] . This procedure fine-tunes all of the nontrivial supertranslation and superrotation charges to zero, rendering the conservation laws rather trivial. It was a commonly held expectation that, in the generic physical case, the singularity structure near spatial infinity is too uncontrolled to admit well-defined conserved charges of the type described here. If correct, this would suggest that there are no physical contexts in which an infinite number of non-trivial and well-defined conserved charges can exist. This all changed relatively recently starting from the work of Christodoulou and Klainerman [86] , who showed 10 that generic spacetimes in a finite neighborhood of flat space lie precisely in the sweet spot where it is possible to define [2, 7, 23] an infinite number of finite, generically non-zero and conserved supertranslation and superrotation charges. In this paper we consider a larger family of spacetimes whose asymptotics lie in the same sweet spot and have the conserved charges, but are not necessarily in a small neighborhood of flat space and may contain black holes in the interior.
Asymptotic symmetries
It is typically the case that conserved charges imply symmetries. In judicious circumstances, a physical phase space Γ can be constructed by imposing suitable constraints and gauge conditions. Dirac's procedure is then applied to give the Dirac bracket { , }. One then defines the infinitesimal symmetry associated to a conserved charge Q on the fields Φ by
In practice, many subtleties may arise in implementing this procedure including the identification of proper boundary conditions and zero modes. As reviewed in this section, the program has been completed for supertranslations but remains underway for superrotations.
Supertranslations
Dirac brackets involving C AB (including its zero modes) were constructed in [3] . 11 Commutators of the supertranslation charge Q + f in (2.14) were then shown to obey
This is easily recognized as the action on C AB of the BMS+ supertranslations [87] which are diffeomorphisms generated by the vector field
Here the subleading 1 r corrections required to preserve Bondi gauge depend on the metric and
The full BMS+ group is a semidirect product of supertranslations with the Lorentz group.
The fact that the symmetry generated by Q f is a subgroup of a known symmetry (diffeomorphisms) of the standard presentation of the theory is a beautiful feature of this example.
It is not obvious or a priori guaranteed. Indeed there are a number of examples (e.g. [28] )
where this is not the case.
Interestingly, the vacuum solution C AB = 0 on I + is not invariant under supertranslations. In other words, supertranslation symmetry is spontaneously broken. There are an infinite number of degenerate classical vacua labelled by the function
, each of which is preserved by a different Poincare subgroup of BMS+. These vacua have different ADM angular momenta. This is consistent with the existence of vacuum solutions with nonzero angular momentum [112] . This is sometimes referred to as the 'problem of angular momentum' in GR. However properly understood it is a beautiful feature indicating a rich vacuum structure, not a problem!
Superrotations
It is natural to expect that superrotation charges canonically generate the antipodallyidentified Virasoro-like symmetry presented in [23, 82] whose global SL(2, C) subgroup is the Lorentz group. We think this is likely in some sense the case. However superrotation symmetry is more subtle than its supertranslation analog and the construction has not been completed. The difficulty can be seen in a naive application of the Dirac brackets of [3] which yield
Apparently Q + Y does not preserve the condition that N AB vanish at the boundaries of I + :
i.e. it does not map the phase space considered in [3] into itself. Quantum mechanically, the action of Q + Y will produce a state outside the Hilbert space studied in [3] . A larger phase space and associated bracket is needed, but has not yet been found. Indeed recent work [113] building on [114] has shown have shown that superrotations can create strings which pierce I and destroy asymptotic flatness, suggesting the requisite phase space is the one considered in [115] . Other very interesting recent works have suggested that superrotations can be understood in terms of diffeomorphisms which violate standard falloff conditions [42, 113, 116, 117 ]. An important issue for the quantum theory is the appearance of one loop corrections [91] which depend on the order of soft limits [92] . These and other important issues are beyond the scope of this paper (although in section 7.3 we will show that non-holomorphic superrotations preserve Bondi gauge). Early discussions of superrotation symmetry can be found in [114, 118, 119] , and more recent ones in [7, 23, 24, 81, 82, 97, 98, 120] .
In this paper we will not use the superrotation symmetry per se -only the finite and conserved superrotation charge given by (2.17), and defer the above interesting issues to future work.
Schwarzschild supertranslations
In this section we will describe the infinitesimal supertranslation of the Schwarzschild black hole i.e. a black hole with linearized supertranslation hair. This specializes more general formulae which can be found in [82] . This type of soft hair appears to be an alternate description of the edge modes as discussed in [76] [77] [78] [79] [80] .
The extension of an asymptotic gauge symmetry into the interior is gauge dependent.
In a general time dependent situation, there is unlikely to be a useful or canonical choice of gauge. Quantum fluctuations further diminish the utility of specific choices. In quantum gravity in asymptotic Minkowski space, we expect the only fully well-defined observables are supported at the boundary at infinity.
It is nevertheless sometimes possible, armed with a gauge choice, to define interior quantities such as local gravitational energy densities at first non-trivial order in perturbation theory around Schwarzschild. This is sometimes useful in developing a picture and intuition for the behavior of the spacetime away from its boundary. For example one may show at leading order in perturbation theory that, at both the classical and quantum level, the total energy comprised of linearized perturbations plus the mass of the black hole itself is conserved. Moreover, this perturbative conservation law is the linearization of an exact, nonperturbative conservation law, which can only be exactly phrased in terms of asymptotic quantities. It is in this spirit that we study the linearized action of supertranslations in Schwarzschild.
In advanced Bondi coordinates the Schwarzschild metric is
We wish to find the BMS− supertranslations ζ which preserve Bondi gauge (2.1) and the standard metric component falloffs at large r while having bounded components in a local orthonormal frame at large r. The last condition eliminates all superrotations, including boosts and rotations. The former conditions require, for Schwarzschild
The general solution to this consistent with Bondi gauge and asymptotic falloffs is
This extends the asymptotic expansion of the supertranslations on I − to the entire region covered by the advanced coordinates. This includes I − and H + but not I + . These act on the Schwarzschild metric as
Adding this to (4.1) gives the infinitesimally supertranslated Schwarzschild geometry:
The event horizon is at r = 2M +
Implanting supertranslation hair
In the previous sections we described a supertranslated eternal Schwarzschild black hole. In order to be certain such objects really exist, in this section we describe how one physically makes such a hairy black hole.
First we show how to add supertranslation hair to bald eternal Schwarzschild, and then generalize to a black hole formed from the vacuum. At advanced time v 0 in Schwarzschild we send in a linearized shock wave with energy momentum densitŷ
near I − . We wish to solve for the linearized metric in such a way that the solution is diffeomorphic to Schwarzschild both before and after the shock wave. Stress energy conservation ∇ aT ab = 0 then mandates subleading in 1 r corrections to the stress tensor for shock waves which are not spherically symmetric. These take the form
whereT (Θ) has only ℓ > 1 components 15 so that andT (1) andT A are functions of x determined by
The solutions are conveniently expressed by introducing the Green function solving
namely [17] G(Θ;
where ∆Θ is the angle on the sphere between Θ and Θ ′ . Further defininĝ 
The leading large-r constraint equation on I − may then be written
This equation constrains, but does not fully determine, the mass aspect m and C AB . We wish to solve it in such a way that ∂ A m = 0 everywhere. Integrating over the sphere this
It then follows from (2.5) that
The unique solution to this is
One may verify that 
Hence the shock wave is a domain wall interpolating between two BMS inequivalent Schwarzschild vacua, whose mass parameters differ by µ.
The shock wave induces a shift in the transverse components of the metric perturbation on the horizon. Integrating over a null generator of the horizon It is trivial to generalize this construction to a black hole formed from the vacuum via a
Vaidya shock wave at v = v S . One simply replaces the mass aspect appearing in (5.10) by
Hence hairy black holes can be classically produced from the vacuum. In the next section we see how they are classically distinguished by their superrotation charges.
Classical superrotation charges of supertranslation hair
Supertranslating a black hole does not add supertranslation charges to the black hole, just as an ordinary translation of a black hole does not add momentum. This follows from the fact that the supertranslation group is abelian, and may also be seen directly by evaluating the charge expressions of the previous section. However, as supertranslations and superrotations do not commute, a supertranslated black hole can and does carry superrotation charges, already at the classical level. In this section we work out these charges for linearly supertranslated Schwarzschild.
From (2.17) the conserved superrotation charges arê
where Y A is any smooth vector field on the sphere. We are interested in the differential superrotation charges carried by an infinitesimally supertranslated Schwarzschild black hole of the type considered in the previous section. As seen from (4.6), under a supertranslation
It follows immediately that
This is nonzero for a generic vector field Y A and supertranslation f . An infinite number of superrotation charges can be independently added to the black hole by different choices of f . Hence the superrotation charges classically distinguish differently supertranslated black holes. Classical black holes sport an infinite head of "supertranslation hair" which is rearranged essentially every time something is thrown into it.
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The most easily measurable quantity is the difference in superrotation charges before and after the supertranslation hair implant. This is because the definition of superrotation charges (including angular momentum) is ambiguous up to conjugation by supertranslations. 16 Similar observations were made in [24] and in the context of the membrane paradigm in [27, 41] .
In particular, in this example, we could conjugate the superrotation charges by f so that all vanish post-implant. However, the pre-implant charges then become nonzero while the difference of pre-post implant charges is unaffected. This is analogous to the standard gravitational memory effect at I + which also measures differences in supertranslation frames.
However one should not conclude from this that only the charge difference is physical, any more than one should conclude that only black hole energy or momentum differences (a special case) are physical. Measurement of absolute (rather than relative) energy, momentum, angular momentum or any of the superrotation charges is also possible but requires specification of an asymptotic Poincare frame. In the physical phase space, two black hole spacetimes which differ by any element of BMS correspond to different points. For the case of boosts, the two spacetimes have different energy. For supertranslations they are energetically degenerate, but carry different superrotation charges (including angular momentum) and are still physically distinct points. In the quantum theory, the corresponding states are orthogonal and can be superposed. An important difference between boosts and supertranslations is that the latter act nontrivially on all the zero-energy vacua as well, 17 imparting superrotation charges at quadratic order [31] . Hence the phase space of asymptotically flat geometries with nonzero energy and 4 Killing vectors is not a simple product of vacuum and black hole phase spaces.
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The formula (6.3) of superrotation charges requires only the asymptotic behavior of the black hole, and would in a sense pertain to essentially any configuration with the same mass. To understand this, let us suppose we sent the supertranslating shock wave into a star or a collection of stars instead of into a black hole. The wave will excite and rearrange the interior structure of the star and, in the case of multiple stars, their relative motions.
Generically gravitational radiation will carry some, but not all, of the superrotation charge back out to infinity, while some will be retained by the star(s). It is unsurprising that a star, or a collection of stars, which has many internal degrees of freedom and possible interior states, can carry many superrotation charges. There is no no-hair theorem for a star. Now consider instead replacing the black hole by a massive stable 'hairless' elementary particle with no internal degrees of freedom. Such an object cannot carry arbitrary superrotation charges: the pre-and post-superrotation charges are generically the same (except for the 17 Any given boost element of BMS acts nontrivially on a generic vacuum, but every vacuum is preserved by some Poincare subgroup of BMS. There is no preferred Poincare subgroup [87] . 18 As we shall see in the next section, the linearized supertranslation charge around a black hole geometry naturally decomposes into the sum of a horizon term and a I term, which are not separately conserved in the general nonlinear context. It may be interesting to consider the phase space action of only one term, but such configurations will generically not be static or have Killing symmetries. ℓ = 1 component). To leading order, the supertranslating shock wave will simply be reflected through the origin and scatter back up to future null infinity. The elementary particle has no mechanism to absorb all the superrotation charges. The outgoing wave will cancel the superrotation charges induced by the ingoing wave and, in the far future, the superrotation charges will revert to their initial incoming values.
So we see that in this sense black holes act more like a complex star with many internal degrees of freedom than a massive elementary particle. The observer at infinity can confirm this by sending in shock waves and watching what comes out.
At the same time, we note that the exact definition of supertranslation hair in the nonlinear theory given here relies on the existence of an asymptotically flat spacetime boundary and so is not fully intrinsic to the black hole. Although it may be possible, we do not know how to canonically associate supertranslation hair to a classical stationary black hole in AdS (this is likely related to the discussion in [78] ), while a star in AdS clearly retains many internal degrees of freedom. The next section sheds some light on this issue by giving an intrinsic definition of the horizon contribution to the supertranslation charge to linear order around Schwarzschild.
Horizon charges
In the absence of eternal black holes or massive fields, the linearized supertranslation chargeŝ Q + f can be written as volume integrals of local operators over I + , as explicitly demonstrated in [3] . However for Schwarzschild this is clearly impossible, as I + is not a Cauchy surface.
Rather, in the absence of massive fields, I + ∪ H + is a Cauchy surface. Hence one expects a relation of the formQ
The precise form of the horizon contributionQ Our construction of course makes sense only in (leading order) perturbation theory: in the general case the classical horizon is defined only nonlocally and, even worse, in the quantum case it evaporates. It is doubtful that in the presence of interactions a clean separation can be made between the two terms on the right hand side of (7.1). Nevertheless we hope it may prove useful in developing intuition for the effects of supertranslation charge conservation on black hole dynamics.
This section relies heavily on general formulae from the literature [109] [110] [111] [124] [125] [126] [127] on the covariant canonical formalism and symplectic forms in gravity.
Symplectic forms and linearized charges
We expand in variations δg ab = h ab around a fixed background metric g ab which solves the Einstein equation. The variations are taken to obey the linearized vacuum Einstein equation
and so are tangent to the phase space. The general results of [126] give the pre-symplectic structure as
where the surface Σ is a Cauchy surface in the spacetime and J is the pre-symplectic oneform. Explicitly,
It may be shown that (7.2) implies
Hence ω(h, h ′ ) is a functional of the background metric and the two on-shell variations h and h ′ . It is invariant under deformations of the surface Σ which leave the boundary ∂Σ fixed.
We are particularly interested in the case where one of the variations -say h ′ -is pure
where F ab is given by
One then has [109] [110] [111] [125] [126] [127] ø(h,
When Σ is a Cauchy surface, and this is nonzero, it indicates that the diffeomorphism ζ acts non-trivially on the physical phase space.Q ∂Σ ζ is a conserved charge associated to the surface ∂Σ and diffeomorphism ζ in the sense that it does not depend on the choice of an interior surface Σ. We use the hat notationQ to emphasize that this is the linearized difference in the charge between the geometries g and g + h. We will not in this paper consider the integration to finite charges.
In general, the pre-symplectic form ω has zero modes and cannot be inverted. These are eliminated by imposition of the constraints and a judicious choice of gauge. Once this has been accomplished, the restriction of the pre-symplectic form to the physical subspace is the symplectic form. Since all of the zero modes have now been eliminated, it may be inverted to find the Dirac bracket. Once we have done this, we may decompose a tangent vector in this physical phase space by h ab = i h i h iab where the tangent index i runs over the (infinite) dimension of the phase space. Defining the inverse of ω by
the Dirac bracket is
it follows immediately that
In other words,Q ∂Σ ζ infinitesimally generates the action of the symmetry ζ on the physical phase space via the Dirac bracket.
Schwarzschild charges
We work in the Bondi gauge (2.1) for which h rr = h rA = γ AB h AB = 0, (7.13) and are interested in the case ∂Σ is an S 2 of constant r and v. One then haŝ 14) where for Schwarzschild the general expression (7.7) reduces to
For ζ = ζ f a supertranslation as given in (4.5), after discarding total derivatives on S 2 , we find
Given the large r asymptotics, only the h vv term survives for r → ∞ and one findŝ 17) which is the standard expression for the incoming linearized supertranslation chargeQ − f . The hat onm denotes that it is the deviation of the Bondi mass aspect from the background around which we are expanding. Supertranslation charge conservation equates this to the outgoing chargeQ
Assuming there are no massive particles 19 or black holes, after imposing constraints and fixing to the Bondi gauge, the symplectic form (7.3) was inverted in [3] to obtain the Dirac bracket { , }. Using the constraints to rewrite the charge as a I − integral
The additional boundary terms at I − − from massive fields are given in [11] .
It was then shown that on I
That is, in this special case the supertranslation charge indeed generates supertranslations via the Dirac bracket.
We would like to preform a similar construction of the charge in the presence of a black hole. Let X + be a hypersurface extending from I + − to H + + , so that X + ∪ H + is a Cauchy surface for the portion of the spacetime exterior to the black hole. Then
is the contribution to the full supertranslation charge coming from the horizon: i.e. the black hole supertranslation charge. It is the difference between two boundary termŝ
We wish to study its properties and demonstrate that it generates horizon supertranslations.
can be written as a horizon integral by integrating by parts and using the constraints.
The linearized constraints on the horizon are
Using the linear combination of (7.23) and the divergence of (7.24) given by
For eternal Schwarzschild, which has a past horizon, charge conservation will require a matching condition relating data on H + − to that on H − + . 21 In this section consider only linearized order where the matter stress tensor T M vanishes, we include it here only as an indicator of how matter couples at next order.
and integrating by parts it finally follows that
We will see that this generates horizon supertranslations after appropriate gauge fixing and boundary conditions.
Gauge fixing and Dirac brackets
We cannot yet construct Dirac brackets because the presymplectic form ø still has zero eigenvectors given by residual gauge transformations which vanish at H + ± and preserve the Bondi gauge (4.2)-(4.4). We now find the most general such transformation. Differentiating (4.2) with respect to r and using (4.3) one finds the condition
The general solution to the above equation is
Substituting ζ A (r, v, Θ) from above into (4.2)-(4.4) gives the remaining components of ζ a ,
Let us define ζ v = X(v, Θ). Then the most general residual diffeomorphism ζ X for Schwarzschild in Bondi gauge 22 is parametrized by an arbitrary vector X A (v, Θ) and an arbitrary scalar X(v, Θ) on H + as:
These shift the nonzero metric perturbations to leading order as follows
where, as usual, X A = γ AB X B and δ X denotes the Lie action of ζ X on Schwarzschild. A supertranslation is X = f, X A = 0, (7.32) with ∂ v f = 0, while a superrotation is 33) with
In order to invert the symplectic form to get the Dirac bracket we must fix the trivial gauge symmetry, namely those transformations which (unlike supertranslations) are zero eigenvectors of ø and then use the Einstein equation to restrict to the 'on-shell' physical phase space. We moreover by hand restrict the phase space via the boundary condition
This excludes the superrotations (7.33): a looser boundary condition (see [42, 113, 116, 117] ) is certainly of interest but outside our current scope. Having done so, we will find ø in two steps. First we will construct a reduced ø red in which all gauge freedom is eliminated. We will then add in the non-trivial gauge modes which requires only the boundary expression (7.15).
The constraints (7.23), (7.24) imply that the linear combinations 
combinations of the metric perturbationsh andh A bỹ h ≡ h vr + 2h vv + 2M∂ r h vv , (7.36)
37) (7.34) and (7.35) can be rewritten
These equations have angular momentum ℓ = 0, 1 solutions withh A a rotational Killing vector andh a constant on the sphere. These are related to linearized deformations of the angular momentum and mass of the black hole which are not our present interest. While inclusion of these four modes would not change our final conclusions for simplicity we fix them to zero:h
Under the general residual X and X A gauge transformations (7.31) one has
We can use these to set (for ℓ = 0, 1))h =h a = 0 (7.43) everywhere on the horizon r = 2M. This still leaves unfixed all ∂ v X = ∂ v X A = 0 transformations, which includes supertranslations. Using (7.43) to eliminate h vr and h Av , the constraints simplify to
The matter sources are set to zero here because we are constructing the Dirac brackets of the linearized theory. We conclude the quantities in square brackets are function of Θ only.
Using the residual ∂ v X = ∂ v X A = 0 symmetry we may set then to 0:
It can be shown that this completely fixes all the gauge symmetry, including supertranslations. Using these relations, the rr and rv components of the Einstein equations reduce is the local coordinate-invariant dynamical degree of freedom on the horizon. (7.50) expresses the fact that after complete gauge-fixing and imposition of the constraints all metric components are determined by the shear tensor, up to zero modes. It is of course the point of this paper to carefully understand the zero modes.
At the level of linearized metric perturbations around Schwarzschild, it appears self consistent to viewh ab as a complete set of coordinates on the phase space of the horizon.
However as we have seen in section 5, the moment interactions are introduced, pure gauge modes corresponding to supertranslations are excited. The gauge condition (7.46), which eliminated the rigid supertranslations cannot be enforced. Hence one cannot perturbatively construct the interacting theory beginning from fully gauge fixed modes. One must, at a minimum introduce the supertranslation field δ f g ab , which we shall see shortly is not a zero mode of the presymplectic form ø. 24 The fully gauge fixed perturbationh ab is related to the more general Bondi-gauge perturbation h ab by h ab =h ab + δ f g ab . (7.53)
The full symplectic form is
The last term is easily seen to vanish, implying there is no classical central term in the supertranslation algebra. The middle two terms were essentially computed in (7.26) . Using (7.43) and setting the sources to zero, one finds
Putting this together and using h AB =h AB + 2M(2D A D B f − γ AB D 2 f ), one finds
This implies the Dirac bracket (7.57) The expression in parentheses is the deWitt metric [128] for computing distances on the 24 Other pure gauge modes which are not annihilated by the symplectic form are interesting candidates for further physical degrees of freedom, but are beyond the scope of the present paper.
space of all metrics. Hencê 8 Appendix: Some useful formulae
In this appendix we collect some formulae which we have found useful in our computations.
In Schwarzschild the nonzero connection coefficients are One finds at r = 2M
On the horizon, supertranslations are given by
From the linearized constraints on the horizon (7.23)(7.24)
Then the pre-symplectic current becomes
